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ABSTRACT
Graph Convolutional Networks (GCNs) are powerful for collabora-

tive filtering. The key component of GCNs is to explore neighbor-

hood aggregation mechanisms to extract high-level representations

of users and items. However, real-world user-item graphs are of-

ten incomplete and noisy. Aggregating misleading neighborhood

information may lead to sub-optimal performance if GCNs are not

regularized properly. Also, the real-world user-item graphs are

often sparse and low rank. These two intrinsic graph properties

are widely used in shallow matrix completion models, but far less

studied in graph neural models.

Here we propose Structured Graph Convolutional Networks

(SGCNs) to enhance the performance of GCNs by exploiting graph

structural properties of sparsity and low rank. To achieve sparsity,

we attach each layer of a GCN with a trainable stochastic binary

mask to prune noisy and insignificant edges, resulting in a clean

and sparsified graph. To preserve its low-rank property, the nuclear

norm regularization is applied. We jointly learn the parameters of

stochastic binary masks and original GCNs by solving a stochastic

binary optimization problem. An unbiased gradient estimator is

further proposed to better backpropagate the gradients of binary

variables. Experimental results demonstrate that SGCNs achieve

better performance compared with the state-of-the-art GCNs.
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• Information systems→Recommender systems; •Computer
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1 INTRODUCTION
Personalized recommender systems have been widely deployed in

many online services to meet users’ interests [47]. One of the most

prominent techniques is collaborative filtering, which considers the

users’ historical interactions and assumes that users who share

similar preferences in the past tend to make similar decisions in

the future. Factorization Machines have achieved great success by

using the inner product of a user embedding and an item embedding

as a preference score [23]. Nevertheless, their recommendation

performances are unsatisfactory due to the lack of strategies to learn

high-order user-item feature interactions [5, 15, 18, 26, 27, 51]. Deep

learning techniques thus have started to dominate the landscape of

recommender systems [48].

Recently, Graph Convolutional Networks (GCNs) have become

increasingly powerful in representation learning of graph-structured

data [16, 22, 44]. GCNs use message passing mechanism over the

input graph, which can be summarized into three steps: 1) Initialize

node representations with their initial attributes or structural fea-

tures like node degrees; 2) Update the representation of each node

by recursively aggregating and transforming over the representa-

tions of its neighbors; 3) Readout the final representation of a single

node or the entire graph as required by the downstream tasks. By

regarding user-item interactions as a bipartite graph, researchers

have attempted to adopt GCNs for recommendation due to their

theoretical elegance and good performance [11, 17, 30, 42, 47]. For

example, PinSage [47] combines efficient random walks and graph

convolutions to generate item embeddings. NGCF [42] proposes an

embedding propagation layer to investigate the high-order connec-

tivities in the bipartite graphs. LightGCN [17] simplifies the design

of GCNs to make it more concise for recommendation.

Although encouraging performance has been achieved, GCNs

are still known to be vulnerable to the quality of the input graphs

due to its recursive message passing schema [7, 52]. Unfortunately,

real-world user-item graphs are often noisy. This is particularly

true for implicit behaviors because they are not necessarily aligned

with user preferences [37]. If GCNs are not regularized properly, ag-

gregating misleading neighborhood information is likely to lead to

sub-optimal performance. We use the following example to further

explain the concerns mentioned above.

Figure 1 illustrates how themisleading information is propagated

via noisy edges in the graph. Here we consider the embedding of
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Figure 1: An illustration of how the noisy edge 𝑢1 − 𝑖4 will
provide misleading information for the target user 𝑢1 under
the framework of GCNs.

the target node 𝑢1 in a user-item graph, and there is a noisy edge

between user 𝑢1 and item 𝑖4 as shown in the left subfigure. The

right subfigure is the corresponding tree structure with node 𝑢1 as

the root. The key idea behind GCNs is to fully discover the high-

order relations in the bipartite graph. As such, the representation

of node 𝑖2 can be aggregated to update the representation of target

node 𝑢1 through the path 𝑢1 ← 𝑖3 ← 𝑢3 ← 𝑖2, even though there

is no explicit connection between 𝑢1 and 𝑖2. However, misleading

messages, e.g., the embedding of the first-hop neighbor 𝑖4 or the

second-hop neighbor 𝑢2, can be also passed to target node 𝑢1 via

the noisy edge 𝑢1 − 𝑖4, which likely degrades the performance. As

the GCNs go deeper, these misleading messages would continue to

propagate and contaminate the entire graph.

To this end, we argue that it is essential to remove the irrelevant

neighbors during message passing. Otherwise, including less useful

messages will complicate the model training, increase the risk of

over-fitting, and even impair model effectiveness. The key challenge

is then to decide the criteria to omit irrelevant neighbors during

the training stage. Fortunately, real-world graphs are often sparse
and low-rank [12]. Sparsity implies that only the most significant

neighbors should be locally connected to the target node during

the message passing; low-rank constraint indicates that the entire

graph is globally structured and only a few factors contribute to a

user’s preferences. These two intrinsic graph properties are widely

used in linear matrix completion models [4, 23, 32], e.g., 𝑙𝑝 norm

regularization or matrix rank minimization, but far less studied in

graph neural models. A possible approach is to first create a clean

𝑘-nearest neighbor graph based on a certain similarity function.

This is a common strategy used in shadow graph models such as

LLE [36] and Isomap [39], and has been recently revisited in deep

graph models [49]. The expressive power of 𝑘-nearest neighbor,

however, is limited by the choice of 𝑘 as well as the similarity

function in the embedding space.

Present Work. Here we propose a Structured Graph Convolu-

tional Network (SGCN) to enhance the performance of GCNs by

exploiting graph structural properties of sparsity and low rank. To

achieve sparsity, we attach each layer of a GCN with a stochastic

binary mask to prune noisy and insignificant edges under the frame-

work of GCNs. Intuitively, the stochastic binary masks (i.e., 1 is

sampled and 0 is dropped) can be regarded as graph generators so as

to support a high-quality sparse graph for each layer of GCNs. Our

motivation is two-fold: 1) Noisy edges with parameterized masks

can be learned to be dropped in a data-driven fashion. A sparse

message passing strategy is thus less complicated and has better

generalization ability; 2) Over-fitting and over-smoothing are two

main bottlenecks of developing deeper GCNs [35]. These issues can

be mitigated by sampling sub-graphs with our stochastic mecha-

nism. Nevertheless, directly training the stochastic binary masks is

intractable due to the combinatorial nature of discrete samples. To

make them differentiable, we further reformulate the optimization

problem from a discrete space to a continuous one via probabilis-

tic reparameterization [20, 46]. An unbiased gradient estimator is

further proposed to better backpropagate the gradients of binary

variables. Inspired by the adversarial machine learning [9, 21], low-

rank constraints are also imposed to the sparse adjacency matrices

for each layer of GCNs . This regularization forces the graphs to be

globally structured, which have been shown to be very successful

in defending adversarial attacks [9, 21], not to mention defending

the noise in recommendation. We conduct extensive experiments

to evaluate the effectiveness and robustness of the proposed SGCN

method. Our contributions are as follows:

• We propose SGCN, an approach that explicitly prunes the

irrelevant neighbors in the message passing stage of GCNs,

which largely reduce the negative impacts of the noise in

the recommender systems.

• We develop stochastic binary masks with the goal of select-

ing the sparse and high-quality sub-graphs for each layer of

GCNs. Low-rank constraints are also imposed to enhance

the robustness and generalization of the GCNs.

• We propose an unbiased gradient estimator for stochastic

binary optimization by casting it to an equivalent one in the

continuous space. As such, we can jointly learn the parame-

ters of stochastic binary masks as well as GCNs.

• We conduct extensive experiments on four public datasets.

The results demonstrate the benefits of SGCN on the effec-

tiveness of pruning noisy edges and the usage of low-rank

constraints, resulting in 4.92% ∼ 26.23% performance gains.

2 RELATEDWORK
In this section, we briefly review the related work on recommender

systems and graph convolutional networks. We also highlight the

differences between the existing efforts and our SGCN.

2.1 Collaborative Filtering
Recommender systems often employ Collaborative Filtering (CF)

to learn sophisticated feature interactions between users and items

based on users’ historical profiles. Matrix factorization is an early

approach to learn the latent embeddings of users and items from

user-item rating matrix and use inner product to predict the users’

preference [23]. Motivated by the expressive power of deep neural

networks, modern recommender systems are further improved with

deep learning techniques to exploit more complex and nonlinear

feature interactions between users and items [48]. Some represen-

tative models include Wide&Deep [6], NCF [18], DeepFM [15],

xDeepFM [26], CDAE [27], etc. Nevertheless, these CF-based mod-

els are usually designed to approximate the first-order proximity,

Session 3B: Recommendation 3  SIGIR ’21, July 11–15, 2021, Virtual Event, Canada

615



e.g., direct connections between users and items. By revisiting user-

item interactions as a bipartite graph, graph-based models are able

to explore the implicit high-order proximity between nodes, which

is helpful for discovering deeper connections between users and

items in the personalized recommender systems [14, 45, 50].

2.2 Graph Convolutional Networks
Graph Convolutional Networks (GCNs), as a special instantiation

of convolutional neural networks for structured data, have re-

ceived a lot of attention for its great performance in graph em-

bedding [16, 22, 44]. Recently, researchers have deployed GCNs in

web-scale recommender systems [3, 11, 17, 30, 42, 47, 50]. For exam-

ple, GC-MC [3] and RMGCNN [30] frame recommender systems as

matrix completion and design GCNs on user-item bipartite graphs.

SpectralCF [50] develops a spectral convolution to identify all pos-

sible connectivities between users and items in the spectral domain.

PinSage [47] combines efficient random walks and graph convo-

lutions to generate item embeddings in Pinterest. GraphRec [11]

proposes a heterogeneous graph convolutional network for social

recommendations. NGCF [42] proposes an embedding propagation

layer to harvest the high-order collaborative signals in the bipartite

graphs. LightGCN [17] simplifies the design of GCN to make it

more concise for recommendation purpose.

Although the aforementioned methods have been proven to be

very effective in generating embeddings of users and items, GCNs

are known to be sensitive to the quality of the input graphs due to

its recursive message passing schema [7, 52]. In other words, slight

perturbations on the user-item bipartite graphs can mislead GCNs

to output wrong predictions. In this study, we aim to learn a way

to obtain the high-quality input graphs as well as the parameters

of GCNs simultaneously.

2.3 Over-fitting and Over-smoothing
Two main obstacles encountered when developing deeper GCNs

are over-fitting and over-smoothing [24, 25, 29]. Over-fitting comes

from the case when an over-parameterized GCN is used to fit a

distribution given limited training data. Over-smoothing, on the

contrary, leads to features of graph nodes gradually converging

to the same value when increasing the number of convolutional

layers [25]. Both of the above two issues can be alleviated by us-

ing dropout tricks in the GCNs. For example, vanilla Dropout [38]

randomly masks out the elements in the weight matrix to reduce

the effect of over-fitting. However, Dropout does not prevent over-

smoothing since it does notmake any change of the graph adjacency

matrix. DropNode [16] is a node-oriented method that randomly

selects the nodes for the mini-batch training. DropEdge [35] is an

edge-oriented method that randomly removes a certain number of

edges from the input graphs, acting like a data augmenter. Message

dropout [42] randomly drops the outgoing messages in each prop-

agation layer to refine representations. DropoutNet [40] applies

input dropout during training to address cold start issue in recom-

mender systems. Nevertheless, these dropout techniques typically

remove a certain fraction of nodes, edges, or features by random,

which may lead to sub-optimal performance.

The mechanism of our stochastic binary masks is slightly differ-

ent from the abovementioned dropoutmethods, but is more relevant

to the recent developments on graph sparsification [13, 49]. We

introduce an optimization algorithm, an alternative to random sam-

pling, to determine which edge to be deleted in a data-driven way.

As a result, the sparse graphs that best preserve desired proper-

ties, e.g., sparse and low-rank, can benefit GCNs in terms of better

robustness and superior generalization.

3 THE PROPOSED MODEL
In this section, we present the proposed SGCN model in details.

Our SGCN mainly consists of three components: a well-designed

GCN, stochastic binary masks, and rank approximation. Finally, we

introduce the loss function for model optimization.

3.1 Problem Formulation
In this paper, we focus on learning the user preferences from the

implicit feedback. To be specific, the behavior data, e.g., click, com-

ment, purchase, etc., involves a set of users U = {𝑢} and items

I = {𝑖}, such that the set I+𝑢 represents the items that user 𝑢 has

interacted with before, while I−𝑢 = I − I+𝑢 represents unobserved

items. Unobserved interactions are not necessarily negative, rather

that the user may simply be unaware of them.

When viewing user-item interactions as a bipartite graph G, we
can construct an implicit feedback matrix R ∈ R |U |×|I | , where |U|
and |I | denote the number of users and items, respectively. Each

entry R𝑢,𝑖 = 1 if user 𝑢 has interacted with item 𝑖 , and R𝑢,𝑖 = 0

otherwise. Its corresponding adjacency matrix A for the bipartite

graph can be obtained as:

A =

[
0 R

R⊤ 0

]
, (1)

where the adjacency matrix A can be used as the input graph for

the GCNs later. We aim to recommend a ranked list of items from

I−𝑢 that are of interests to the user 𝑢 ∈ U, in the same sense that

performing link prediction on the bipartite graph G.

3.2 GCN for Recommendation
3.2.1 Embedding Layer. Following the mainstream graph con-

volutional recommender systems [17, 18, 42], we describe the rep-

resentations of a user 𝑢 and an item 𝑖 via embedding lookup tables:

e𝑢 = lookup(𝑢), e𝑖 = lookup(𝑖), (2)

where 𝑢 and 𝑖 denote the IDs of user and item; e𝑢 ∈ R𝑑 and e𝑖 ∈ R𝑑
are the embeddings of user 𝑢 and item 𝑖 , respectively, and 𝑑 is the

embedding size. These embeddings are expected to memorize the

initial characteristics of items and users. We next introduce two

state-of-the-art GCN-based recommender models.

3.2.2 NGCF. Following the standard GCN [22], NGCF [42] lever-

ages the user-item bipartite graph to perform embedding propaga-

tion and feature transformation as:

e(𝑘+1)𝑢 = 𝜎

(
W1e(𝑘 )𝑢 + ∑

𝑖∈N𝑢

1√
|N𝑢 ∥N𝑖 |

(
W1e(𝑘 )

𝑖
+W2 (e(𝑘 )𝑖 ⊙ e(𝑘 )𝑢 )

))
,

e(𝑘+1)
𝑖

= 𝜎

(
W1e(𝑘 )

𝑖
+ ∑
𝑢∈N𝑖

1√
|N𝑢 ∥N𝑖 |

(
W1e(𝑘 )𝑢 +W2 (e(𝑘 )𝑢 ⊙ e(𝑘 )

𝑖
)
))
,

(3)

where e(𝑘)𝑢 and e(𝑘)
𝑖

, with initialization e(0)𝑢 = e𝑢 and e(0)
𝑖

= e𝑖 as
in Eq. (2), denote the refined representations of user 𝑢 and item 𝑖 in
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the 𝑘-th layer of GCN, respectively; 𝜎 (·) is the nonlinear activation
function and ⊙ denotes the element-wise product; W1 and W2
are trainable weight matrices; N𝑢 denotes the set of items that are

directly interacted by user 𝑢, and N𝑖 denotes the set of users that
are connected to item 𝑖 . As stacking more convolutional layers, the

model is able to explore high-order collaborative signals between

users and items.

3.2.3 LightGCN. Several studies have pointed out that simpler,

sometimes linear GCNs are very effective for representation learn-

ings [44]. Recently, LightGCN [17] aims to simplify the design of

NGCF to make it more concise for recommendation.

In contrast to NGCF, LightGCN adopts weighted sum aggrega-

tors and abandon the use of feature transformation and nonlinear

activation. As such, the propagation in Eq. (3) can be simplified as:

e(𝑘+1)𝑢 =
∑
𝑖∈𝑁𝑢

1√
|N𝑢 | |N𝑖 |

e(𝑘 )
𝑖
,

e(𝑘+1)
𝑖

=
∑
𝑢∈N𝑖

1√
|N𝑖 | |N𝑢 |

e(𝑘 ) .
(4)

The above equation can be re-written in a compact matrix form.

Let the 0-th layer embedding matrix be E(0) ∈ R( |U |+|I |)×𝑑 , which
collects all of the embeddings of users and items from Eq. (2). Then,

we can obtain the equivalent matrix form of Eq. (4) as:

E(𝑘+1) =
(
D−

1

2 AD−
1

2

)
E(𝑘 ) , (5)

where A ∈ R( |U |+|I |)×( |U |+|I |) is the adjacency matrix of the

use-item graph as shown in Eq. (1); D is the corresponding diagonal

degree matrix, in which each entry D𝑖,𝑖 denotes the number of

non-zeros in the 𝑖-th row of the matrix A.

3.2.4 ModelOptimization forNGCFandLightGCN. By prop-
agating 𝐾 layer, GCNs obtain 𝐾 + 1 embeddings to represent a user

(e(0)𝑢 , . . . , e(𝐾)𝑢 ) and an item (e(0)
𝑖
, . . . , e(𝐾)

𝑖
). An aggregation func-

tion is used to obtain the final representations:

e∗𝑢 = AGG(e(0)𝑢 , . . . , e(𝐾)𝑢 ), e∗𝑖 = AGG(e(0)
𝑖
, . . . , e(𝐾)

𝑖
),

NGCF implements AGG(·) by concatenation while LightGCN uses

weighted sum. The inner product is used to predict preference score:

𝑦𝑢𝑖 = e∗𝑢
𝑇 e∗𝑖 .

Both methods employ the Bayesian Personalized Ranking (BPR)

loss [34] to optimize the model parameters, that is minimizing:

L𝐵𝑃𝑅 (Θ) =
∑

(𝑢,𝑖,𝑗 )∈O
− ln𝜎

(
�̂�𝑢𝑖 − �̂�𝑢𝑗

)
+ 𝛼 ∥Θ∥2

2
, (6)

where O =
{
(𝑢, 𝑖, 𝑗) | 𝑢 ∈ U ∧ 𝑖 ∈ 𝐼+𝑢 ∧ 𝑗 ∈ 𝐼−𝑢

}
denotes the pair-

wise training data; 𝜎 (·) is the sigmoid function; Θ denotes model

parameters, and 𝛼 controls the 𝐿2 norm to prevent over-fitting.

3.2.5 Limitations. Despite of the success of NGCF and LightGCN,
we argue that they are insufficient to address the noise in the bipar-

tite graphs. For example, LightGCN fully relies on the adjacency

matrix A to refine the representations of users and items in Eq.

(5). The matrix A, however, may contain noisy edges as discussed

in Section 1, those misleading messages continue to propagate as

LightGCN goes deeper. The situations become much worse when

the graph noisy signals contain low-frequency components. As

such, GCNs have a high risk of over-fitting to the noise [33].

Figure 2: The overview of a two-layer GCN with stochastic
binary masks. Here only partial gradients are shown in the
backpropagation.

On the other hand, vanilla Dropout [38] randomly masks out

the elements of weight matrix ( e.g., W1 and W2 in Eq. (3)), which

may have limited ability of preventing noise since it does not make

any change to the adjacency matrix A. NGCF somehow alleviates

this issue by removing a fraction of messages or nodes randomly.
Nevertheless, this weakens the interpretability and understanding

of which edge should be kept or deleted in the training stage (see

Section 4.3 for details). To address this challenge, we propose a

simple yet effective data-driven principle, an alternative to random

sampling, to mask out edges by using stochastic binary masks.

3.3 Stochastic Binary Masks
3.3.1 Graph Sparsification. To filter out the noise, we attach

each layer of the GCNs with a stochastic binary mask to prune

insignificant edges while simultaneously training the parameters

of GCNs. The overall network architecture is shown in Figure 2.

Formally, for each convolutional layer in Eq. (5), we introduce a

binary matrix Z(𝑘) ∈ {0, 1}, where Z(𝑘)𝑢,𝑣 denotes whether the edge

between node 𝑢 and node 𝑣 is included in the 𝑘-th layer. Instead

of a fixed adjacency matrix in Eq. (5), the input graph adjacency

matrix for the 𝑘-th layer becomes:

A(𝑘 ) = A ⊙ Z(𝑘 ) , (7)

where ⊙ denotes the element-wise product. Intuitively, the stochas-

tic binary masks Z(𝑘) (i.e., 1 is sampled and 0 is dropped) can be

regarded as graph generators so as to support a high-quality sparse

graph for each layer of GCNs. The sparse graphs enable a subset

of neighbor aggregation instead of full aggregation during train-

ing, thus avoiding over-smoothing when GCNs go deeper. This

idea of graph sparsification is not new. In fact, its original goal is
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removing unnecessary edges for graph compressing while keep-

ing primary information of the input graph [10], which has been

recently revisited in deep graph models [13, 49].

To encourage sparsity of A(𝑘) , an 𝐿0 regularizer is used to explic-
itly penalize the number of non-zero entries of Z(𝑘) by minimizing:

R𝑠 =
𝐾∑
𝑘=1

Z(𝑘 )

0

=

𝐾∑
𝑘=1

∑
(𝑢,𝑣)∈G

I
[
Z(𝑘 )𝑢,𝑣 ≠ 0

]
, (8)

where ∥ ·∥0 denotes the 𝐿0 norm that can drive insignificant edges to

be exact zero. I[𝑐] is an indicator function that is equal to 1 if the con-
dition 𝑐 holds, 0 otherwise. Optimization under this penalty, how-

ever, is computationally intractable due to the non-differentiability,

discrete, and combinatorial nature of 2
|G |

possible states of the

binary mask Z(𝑘) . To address this challenge, we reparameterize

these discrete variables as deterministic transformations of the un-

derlying continuous variables and then apply antithetic sampling

to produce low-variance and unbiased gradients. We next intro-

duce an efficient algorithm to better backpropagate the gradients

through stochastic binary layers.

3.3.2 Reparameterization andGradients. Since Z(𝑘) is jointly
optimized with the original GCNs (e.g., NGCF or LightGCN), we

combine Eq. (6) and Eq. (8) as one unified objective:

L(Z,Θ) = L𝐵𝑃𝑅 ( {A ⊙ Z(𝑘 ) }𝐾
𝑘=1

,Θ) + 𝛽
𝐾∑
𝑘=1

∑
(𝑢,𝑣)∈G

I
[
Z(𝑘 )𝑢,𝑣 ≠ 0

]
, (9)

where 𝛽 controls the sparsity of graphs. As such, Eq. (9) involves

stochastic gradient estimations, which require marginalization of

2
|G |

binary sequences. For this reason, we consider each Z(𝑘)𝑢,𝑣 is

subject to a Bernoulli distribution with parameter Π(𝑘)𝑢,𝑣 ∈ [0, 1]
such that Z(𝑘)𝑢,𝑣 ∼ Bern(Π(𝑘)𝑢,𝑣 ). The Eq. (9) can be reformulated as

ˆL(Z,Θ) =EZ∼∏𝐾
𝑘=1

Bern(Z(𝑘 ) ;Π(𝑘 ) ) [L𝐵𝑃𝑅 (Z,Θ) ] + 𝛽
𝐾∑
𝑘=1

∑
(𝑢,𝑣)∈G

Π(𝑘 )𝑢,𝑣 ,

(10)

where E is the expectation, and objective
ˆL in Eq. (10) is in fact

a variational upper bound
1
for objective L in Eq. (9) over the pa-

rameters Π(𝑘) . Now the second term is differentiable w.r.t. the new

parameters Π(𝑘) , while the first term is still problematic due to the

discrete nature of Z(𝑘) .
To efficiently compute gradients, we use the reparameterization

trick [20], which reparameterizes Π(𝑘)𝑢,𝑣 ∈ [0, 1] to a deterministic

function 𝑔(·) of the parameters 𝚽
(𝑘)
𝑢,𝑣 , so that

Π(𝑘 )𝑢,𝑣 = 𝑔 (𝚽(𝑘 )𝑢,𝑣 ),

since the deterministic function 𝑔(·) should be bounded within

[0, 1], the standard sigmoid function is thus a good candidate:

𝑔(𝑥) = 1/(1 + 𝑒−𝑥 ). In addition, we adopt augment-REINFORCE-

merge (ARM), a recently proposed unbiased gradient estimator, to

solve the stochastic binary optimization [46]. We first introduce

the key theorem as following:

Theorem 3.1 (ARM). For a vector of 𝑁 binary random variables
𝒛 = (𝑧1, . . . , 𝑧𝑁 )𝑇 , and any function 𝑓 , the gradient of

E(𝝓) = E𝒛∼∏𝑁
𝑖=1

Bern(𝑧𝑖 ;𝜎 (𝜙𝑖 ) ) [𝑓 (𝒛) ]

1
This can be derived by the Jensen’s Inequality.

with respect to 𝝓 = (𝜙1, . . . , 𝜙𝑁 )𝑇 , the logits of the Bernoulli proba-
bility parameters, can be expressed as:
∇𝝓 E(𝝓) =

E𝒖∼∏𝑁
𝑖=1

Uniform(𝑢𝑖 ;0,1)

[
(𝑓 (I[𝒖 > 𝜎 (−𝝓) ]) − 𝑓 (I[𝒖 < 𝜎 (𝝓) ])) (𝒖 − 1

2

)
]
,

where I[𝒖 > 𝜎 (−𝜙)] := (I[𝑢1 > 𝜎 (−𝜙1)], . . . , I[𝑢𝑁 > 𝜎 (−𝜙𝑁 )])𝑇 ,
and 𝜎 (·) is the sigmoid function.

Due to the linearity of expectations, ARM is able to directly op-

timize the Bernoulli variables without introducing any bias, which

yields a highly competitive estimator. Moreover, the expectation can

be estimated using only an antithetically coupled pair of samples,

allowing to compute the gradient efficiently.

According to above Theorem, let 𝑓 (·) be the BPR loss function:

𝑓 (Z) = L𝐵𝑃𝑅 (Z,Θ), and the reparameterization
2
: Π = 𝜎 (Φ), we

can now compute the gradient of
ˆL in Eq. (10) w.r.t. Φ in the

following matrix form:

∇Φ ˆL(Φ,Θ) =EU∼∏𝐾
𝑘=1

Uniform(U(𝑘 ) ;0,1) [ (𝑓 (I[U > 𝜎 (−Φ) ])

−𝑓 (I[U < 𝜎 (Φ) ])) (U − 1

2

) ] + 𝛽∇Φ𝜎 (Φ),
(11)

where 𝑓 (I[U > 𝜎 (−Φ)]) is the BPR loss obtained by setting the

binary masks Z(𝑘) to 1 if U(𝑘) > 𝜎 (−Φ(𝑘) ) in the foward pass of

GCNs, 0 otherwise. The same strategy is applied to 𝑓 (I[U < 𝜎 (Φ)]).
To this end, we can efficiently backpropagate the gradients

through stochastic binarymasks since: 1) Sampling from a Bernoulli

distribution is simply replaced by sampling from a Uniform distri-

bution between 0 and 1; 2) The first term of Eq. (11) only involves

forward pass of GCNs to compute the gradients; 3) The second

term ∇Φ𝜎 (Φ) is differentiable and easy to compute. These are very

appealing properties, meaning that we can compute the gradients

from a discrete space to a continuous one.

In the inference stage, we can use the expectation of Z(𝑘)𝑢,𝑣 ∼
Bern(Π(𝑘)𝑢,𝑣 ) as the mask in Eq. (7), i.e., E(Z(𝑘)𝑢,𝑣 ) = Π(𝑘)𝑢,𝑣 = 𝑔(𝚽(𝑘)𝑢,𝑣 ).
Nevertheless, this will not yield a sparse graph A(𝑘) since the sig-
moid function in Theorem 3.1 is smooth and none of the element

of masks is exact zero (unless the hard sigmoid function is used).

Here we simply clip those values 𝑔(𝚽(𝑘)𝑢,𝑣 ) ≤ 0.5 to zeros such that

a sparse graph is guaranteed and the corresponding noisy edges

are effectively eliminated.

Discussion: It is worth mentioning that several recent studies have

been proposed to estimate the gradients for discrete variables in

Eq. (10), such as REINFORCE [43], Gumbel-Softmax [20], Straight

Through Estimator [2], and Hard Concrete Estimator [28]. These

approaches, however, suffer from either biased gradients or high

variance, while the ARM estimator is unbiased, exhibits low vari-

ance, and has low computational complexity as shown in [46].

The ARM estimator for Eq. (11) is remarkably simple but re-

quires two-forward pass of the GCNs to compute the BPR loss.

In the original paper [46], the authors also introduce its variant,

namely Augment-Reinforce (AR), to overcome the issue of double

forward pass, but it leads to a higher variance. Fortunately, unlike

Convolutional Neural Networks (CNNs), the number of layers in

2
Here we denote Z := {Z(1) , . . . ,Z(𝐾 ) }, Π := {Π(1) , . . . ,Π(𝐾 ) }, and Φ :=

{Φ(1) , . . . ,Φ(𝐾 ) } for 𝐾 layers of GCNs.
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GCNs is often very small (e.g., 𝐾 ≤ 4 in NGCF and LightGCN),

the complexity of double forward pass is acceptable. We thus stick

to the standard ARM in the experiments. We are aware that other

advanced techniques can be incorporated to further improve the

training of our stochastic binary masks, such as DisARM [8]. We

leave this extension in the future.

3.4 Low-rank Approximation
In addition to achieving sparse graphs via binary masks, the GCNs

themselves suffer from vulnerabilities against small perturbations [7].

Changes to one node can affect other nodes that are in the same

local community. Recently, several studies show that graphs with

low-rank constraints are more robust to perturbations [9, 21]. In this

work, we further impose the low-rank constraints on the adjacency

matrix A(𝑘) , 0 ≤ 𝑘 ≤ 𝐾 , by minimizing:

R𝑙 =
𝐾∑
𝑘=1

A(𝑘 )

∗
=

𝐾∑
𝑘=1

∑
𝑖

_𝑖 (A(𝑘 ) ), (12)

where ∥ · ∥∗ denotes the nuclear norm that is the convex surrogate

for rank minimization. _𝑖 (A(𝑘) ) denotes the 𝑖-th largest singular

values of A(𝑘) . Singular value decomposition (SVD) is often re-

quired to optimize the nuclear norm [9].

SVD can be easily implemented but is often numerically unstable

during backpropagation [19, 41]. This is because the partial deriva-

tives of the nuclear norm depend on a matrix K with elements [19]:

K𝑖, 𝑗 =

{
1

_2
𝑖
−_2
𝑗

, 𝑖 ≠ 𝑗

0, 𝑖 = 𝑗 .

when two singular values are close, the partial derivatives become

very large, causing arithmetic overflow. This is particularly true

for large matrices, in which the possibility of two singular values

being almost equal is much higher than for small ones. The Power

Iteration (PI) method is one way to solve this problem. PI relies on

an iterative procedure to approximate the dominant eigenvalues

and eigenvectors. Nonetheless, PI is sensitive to how the singular

vectors are initialized at the start of each deflation step [41].

To address these problems, we turn our attention to the re-

cent algorithm that friendly combines SVD and PI [41]. For nu-

clear norm, the top-𝑛 singular values are much more informative,

we thus adopt the truncated SVD to approximate the Eq. (12) as

R𝑙 ≈
∑𝐾
𝑘=1

∑𝑛
𝑖 _𝑖 (A(𝑘) ). As suggested by [41], the hybrid strategy

is follows: 1) In the forward pass, we use the truncated SVD to com-

pute [V(𝑘) ,Λ(𝑘) ,V(𝑘) ] = SVD(A(𝑘) ) for each adjacencymatrix and

compute the nuclear norm based on Λ(𝑘) ; 2) In the backpropagation,
we compute the gradients from the PI derivations, but using the

SVD-computed vectors V(𝑘) for initialization purposes. The overall

computational graph is demonstrated in Figure 3.

In conclusion, SVD is not involved the backpropagation (routine

2), SVD is only involved the forward pass to compute the nuclear

norm loss R𝑙 for Eq. (12) (routine 1) and initializes the states of PI.

In contrast, the PI is not involved in the forward pass (routine 1),

it is only used to compute the gradients during backpropagation

(routine 2).The result computational graph is both numerically

stable and differentiable for imposing low-rank constraints in GCNs.

Figure 3: Computational graph for the nuclear norm loss R𝑙
in Eq. (12). The shadow loss ˆR𝑙 is only used in backpropaga-
tion.

3.5 Joint Training
3.5.1 Hybrid Loss. To this end, we jointly learn the graph structure
and the GCN model for recommendation tasks. Combining the loss

in Eq. (6), Eq. (8), and Eq. (12), the overall objective function of

SGCN is given as:

L𝑆𝐺𝐶𝑁 = L𝐵𝑃𝑅 + 𝛽 · R𝑠 + 𝛾 · R𝑙 (13)

where 𝛽 and 𝛾 are the hyper-parameters to control the degree of

sparsity and low-rank constraints, respectively. The overall training

of SGCN is summarized in Algorithm 1.

Algorithm 1: SGCN
Input: The training graph A, the number of GCN layers 𝐾 , and the

regularization coefficients 𝛼 , 𝛽 , and 𝛾 .

1 for each mini-batch do
2 for 𝑘 ← 1 to 𝐾 do
3 Generate a subgraph A(𝑘 ) via the stochastic binary mask

in Eq. (7);

4 Feed A(𝑘 ) into the 𝑘-th layer of GCN;

5 end
6 Compute the loss L𝑆𝐺𝐶𝑁 in Eq. (13);

7 Update the parameters of GCN and stochastic binary masks;

8 end
Output: A well-trained SGCN to predict �̂�𝑢𝑖 .

3.5.2 Model Complexity. The complexity of SGCN comes from

three components: a basic GCN (either NGCF or LightGCN), sto-

chastic binary masks, and low-rank constraints. The basic GCN

has the same complexity as NGCF or LightGCN, which denotes as

O(𝑇 ). The complexity of the stochastic binary masks is mainly from

ARM in Eq. (11), which requires two-forward pass of the GCN. As

discussed before, the number of layers in GCNs is often very small.

As such, the complexity of ARM is roughly O(2𝑇 ), which is much

less expensive than the standard gradient backpropagation [46]. In

addition, the major complexity of low-rank constraints is the SVD

computation. Recently, a few breakthroughs have been proposed

for 𝑘-SVD, such as Block Krylov method [31] or LazySVD [1]. As

the matrix A(𝑘) is naturally sparse, it only requires O(nnz(A(𝑘) ) to
compute the top-𝑛 singular values and their corresponding singu-

lar vectors. Although SGCN incorporates the sparse and low-rank

information, the computational complexity remains the same order

as state-of-the-art GCNs for recommendations.
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Table 1: Dataset statistics.

Dataset #User #Items #Interactions Sparsity

MovieLens 6,040 3,900 1,000,209 4.190%

Gowalla 29,858 40,981 1, 027, 370 0.084%

Yelp 31, 668 38, 048 1, 561, 406 0.130%

Amazon 52, 643 91, 599 2, 984, 108 0.062%

4 EXPERIMENTS
Here we conduct experiments to answer the following questions:

• RQ1: How effective is the proposed SGCN compared to state-of-

the-art baselines?

• RQ2: How can SGCN alleviate the problem of noisy edges?

• RQ3:How do different components (e.g., stochastic binary masks

and low-rank constraints) affect the performance of SGCN?

4.1 Experimental Settings
4.1.1 Datasets. We use four public benchmark datasets for evalu-

ating recommendation performance:

• Movielens-1M3
is a widely used benchmark for recommen-

dations. The dataset contains one million user-movie ratings.

• Gowalla4 is a check-in dataset obtained from the location-

based social website Gowalla.
• Yelp5 is released by the Yelp challenge. The Yelp2018 version
is used in the experiments.

• Amazon6 contains a large corpus of user reviews, ratings,
and product metadata, collected from Amazon.com. We use

the largest category Books.

For MovieLens, we treat all ratings as implicit feedback, e.g., each

rating score is transformed to either 1 or 0 indicating whether a

user rates a movie. For sparse datasets: Gowalla, Yelp, and Amazon,

we use the 10-core setting of the graphs to ensure that all users

and items have at least 10 interactions [17, 42]. We summarize the

statistics of the datasets in Table 1.

For each dataset, we randomly select 80% of historical inter-

actions of each user to construct the training set, and treat the

remaining as the test set. From the training set, we randomly se-

lect 10% of interactions as validation set to tune hyper-parameters.

For each observed user-item interaction, we treat it as a positive

instance, and then conduct the ranking triplets by sampling from

negative items that the user did not consume before. We repeat five

random splits independently and report the averaged results.

4.1.2 Baselines. We compare with the following baselines:

• BPR-MF [34]: A classic model that seeks to optimize the

Bayesian personalized ranking loss. We employ matrix fac-

torization as its preference predictor.

• NeuMF [18]: NeuMF learns nonlinear interactions between

user and item embeddings via a multi-layer perceptron as

well as a generalized matrix factorization.

3
https://grouplens.org/datasets/movielens/20m/

4
https://github.com/kuandeng/LightGCN/tree/master/Data

5
https://www.yelp.com/dataset

6
https://jmcauley.ucsd.edu/data/amazon/

• GC-MC [3]: GC-MC employs a graph auto-encoder approach

to learn the embeddings of users and items. A bilinear de-

coder is then used to predict the preference scores.

• HOP-Rec [45]: HOP-Rec discovers high-order indirect in-
formation of neighborhood items for each user from the

bipartite graph by conducting random surfing on the graph.

• BiNE [14]: BiNE learns both explicit and implicit user-item

relationships by performing biased random walks on the

bipartite graph.

• NGCF [42] and LightGCN [17]: Two state-of-the-art GCN-

based collaborative filtering models. They are briefly intro-

duced in the Section 3.2.

• S-NGCF: Our SGCN model is a general framework that is

compatible with diverse GCN models. With NGCF as the

basic backbone, the structured NGCF (S-NGCF) aims to im-

prove its performance and robustness.

• S-LightGCN: Similarly, we choose the LightGCN as the

backbone under our SGCN framework.

4.1.3 Implementation Details. We implement our SGCNs in the

TensorFlow. For all models, the embedding dimension𝑑 of users and

items (e.g., in Eq. (2)) is searched among {16, 32, 64, 128}. For base-
lines BPR-MF, NeuMF, GC-MC, HOP-Rec, and BiNE, their hyper-

parameters are initialized as in their original papers and are then

carefully tuned to achieve the optimal performance. For the GCN

components inside the proposed SGCNs, we use the same hyper-

parameters as the original NGCF and LightGCN, such as batch size,

stopping criteria, learning rate in Adam optimizer, etc. In addition,

the SGCNs have two hyper-parameters 𝛽 and 𝛾 to control the de-

gree of sparsity and low-rank structure, respectively. We tune both

𝛽 and 𝛾 within {0.001, 0.005, 0.01, 0.05, 0.1, 0.5} to investigate the

parameter sensitivity of our models.

To evaluate the performance of top-𝑛 recommendation, we adopt

two widely used evaluation metrics [17, 42]: Recall and Normalized
Discounted Cumulative Gain (NDCG) over varying numbers of top

ranking items.

4.2 Performance Comparison (RQ1)
In this section, we compare the proposed SGCNs with baselines

in terms of Recall@𝑛 and NDCG@𝑛 on all four datasets, where 𝑛

is set to 50 and 100. The performance for different top-𝑛 values is

similar in the experiments, we omit them for space limitation. The

results for top-𝑛 recommendation are summarized in Table 2. Our

proposed models consistently yield the best performance across all

cases. From Table 2, we have the following observations:

• Compared with CF-based methods (e.g., BPR-MF, NeuMF, and

GC-MC), graph-based methods consistently achieve better per-

formance in most cases. This demonstrates the effectiveness of

exploiting high-order proximity between users and items in the

bipartite graph. As a result, a user is capable of receiving broader

messages from items that beyond the user’s line of sight.

• Among graph-based methods, GCN-based methods (e.g., NGCF,

LightGCN, and SGCNs) perform better than HOP-Rec and BiNE

for all the datasets. This is because GCN-based methods allow

end-to-end gradient-based training, and they can directly accept

the original graph as input without the need of any preprocessing.

In contrast, both HOP-Rec and BiNE first require random walks
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Table 2: Recommendation performance comparison for different models. Note that R and N are short for Recall and NDCG,
respectively. %Improv denotes the relative improvement of SGCNs over their corresponding GCNs. The best results are high-
lighted in bold and the second best ones are underlined.

MovieLens Gowalla Yelp Amazon

Metric R@50 N@50 R@100 N@100 R@50 N@50 R@100 N@100 R@50 N@50 R@100 N@100 R@50 N@50 R@100 N@100

BPR-MF 0.282 0.243 0.371 0.354 0.129 0.118 0.346 0.156 0.093 0.038 0.140 0.047 0.069 0.041 0.122 0.059

NeuMF 0.297 0.251 0.378 0.368 0.143 0.124 0.350 0.169 0.103 0.040 0.151 0.050 0.074 0.047 0.135 0.061

GC-MC 0.291 0.247 0.375 0.360 0.137 0.122 0.347 0.163 0.098 0.036 0.146 0.044 0.070 0.044 0.128 0.064

HOP-Rec 0.314 0.260 0.373 0.367 0.135 0.125 0.352 0.182 0.111 0.048 0.163 0.053 0.080 0.059 0.143 0.074

BiNE 0.312 0.253 0.381 0.371 0.141 0.126 0.354 0.188 0.110 0.042 0.155 0.049 0.076 0.052 0.134 0.069

NGCF 0.325 0.289 0.393 0.382 0.160 0.132 0.356 0.197 0.114 0.054 0.172 0.061 0.092 0.065 0.157 0.076

S-NGCF 0.341 0.311 0.417 0.408 0.177 0.156 0.384 0.218 0.127 0.068 0.194 0.077 0.107 0.074 0.170 0.087

%Improv. 4.92% 7.61% 6.11% 6.81% 10.63% 18.18% 7.87% 10.66% 11.40% 25.93% 12.79% 26.23% 16.30% 13.85% 8.28% 14.47%

LightGCN 0.328 0.294 0.399 0.384 0.163 0.134 0.360 0.205 0.117 0.059 0.181 0.067 0.098 0.071 0.162 0.083

S-LightGCN 0.347 0.313 0.424 0.406 0.178 0.159 0.387 0.223 0.134 0.073 0.199 0.081 0.114 0.078 0.177 0.092
%Improv. 5.79% 6.46% 6.27% 5.73% 9.20% 18.66% 7.50% 8.78% 14.53% 23.73% 9.94% 20.90% 16.33% 9.86% 9.56% 10.84%

to generate 𝐾-step node sequences and then optimize the node

embeddings with the downstream tasks. However, the random

walk algorithms can not be trained end-to-end, which may lead

to sub-optimal performance.

• By comparing the S-NGCF and NGCF, S-NGCF has on average

9.79% improvement with respect to Recall and over 15.47% im-

provements with respect to NDCG. Analogously, S-LightGCN
outperforms the best baseline LightGCN by average 9.85% in

Recall and 13.12% in NDCG. From the results, we can see that

the SGCNs perform much better than their vanilla GCNs. In

real-world applications, users are possible to implicitly interact

with millions of items, the implicit feedback may be not perfectly

matched with user preferences. The original GCNs are thus inca-

pable of dealing with the noisy interactions (e.g., false positive

interactions). On the contrary, SGCNs jointly learn a sparse and

low-rank graph structure under the architecture of the GCNs,

which have the ability of denoising the users’ implicit feedback.

It is common to assume the observations contain some noise, we

next explore their resilience to noisy edges and provide some in-

sights on the design of SGCNs.

4.3 Robustness Analysis (RQ2)
Noisy Edges Injection. As discussed before, the performance of

GCNs is sensitive to noise since the misleading information can

be massively propagated from node to node via noisy edges. In

this part, we further conduct simulated experiments to investigate

the robustness of SGCNs to noisy edges on the graphs. For each

dataset, we randomly connect the unobserved edges that serve as

false positive interactions for each user in the training set. We then

evaluate how different models behave on the simulated graphs with

different ratios of noisy edges from 0% to 25%. For better comparison,

we mainly focus on SGCNs and GCNs, and the results of the rest

baselines are omitted due to their inferior performance. All the

simulated experiments are repeated five times and the average

results are shown in Figure 4.

From Figure 4, we observe SGCNs consistently outperformGCNs

under different ratios of noise on all datasets. The margins achieved

by SGCNs over GCNs become larger as the number of noisy edges

Figure 4: The model robustness of SGCNs and GCNs to the
different levels of noisy edges.

increases. For example, S-LightGCN achieves over 13% improve-

ment over LightGCN in the setting of 25% noise rate on Movie-

Lens dataset. These comparisons demonstrate that the random

messages/nodes sampling strategies used in NGCF/LightGCN are

still vulnerable to noisy edges. Figure 5 shows the training curves of

training loss and the testing recall for MovieLens dataset with 25%

noise. Clearly, the original GCNs have a risk of over-fitting to the

noise. For example, GCNs attain stable training errors but produce

large uncertainty in the stage of validation, i.e., the performance

of GCNs slightly decreases with more training epochs. Conversely,

SGCNs work well for both training and validation.

SGCNs address the noise by introducing the trainable stochas-

tic binary masks and low-rank constraint. The stochastic binary

masks have the potential to serve as 𝐿0 regularization, which drives

the insignificant or noisy edges to be exact zero. By sparsifying
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Figure 5: Analysis of over-fitting for SGCNs and GCNs,
which are evaluated by training loss and testing recall for
noisy MovieLens dataset.

Figure 6: Analysis of over-smoothing for SGCNs and GCNs.

the graph, we can avoid unnecessary computation in the stage of

message passing, thus alleviating over-fitting and improving the

generalization ability. Meanwhile, the low-rank constraint guar-

antees that the structure information of graph is well preserved

by optimizing its principal singular values. As a result, SGCNs can

highly reduce the impact of the noisy edges and thus improve the

robustness of vanilla GCNs.

4.4 Parameter Sensitivity (RQ3)
We further investigate the parameter sensitivity of SGCNs with

respect to the following hyper-parameters: the number of layers

𝐾 , two regularizer parameters {𝛽,𝛾} in Eq. (13), and the number

of top-𝑛 singular values to approximate nuclear norm in Eq. (12).

We mainly use the MovieLens for hyper-parameter studies, the

results show the same trend for other datasets which are omitted

for saving space.

4.4.1 Over-smoothing. The over-smoothing phenomenon ex-

ists when training deeper GCNs [25]. To illustrate its influence,

we conduct experiments with varying number of GCN layers 𝐾

within {4, 8, 16, 32}. The results are presented in Figure 6. We can

observe a significant performance drop for both NGCF and Light-

GCN by increasing the number of layers. Our SGCNs successfully

alleviate the over-smoothing issue. The reason is that the stochastic

binary masks enable a subset of neighbor aggregation instead of
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Figure 7: Results of parameter sensitivity on MovieLens.

full aggregation during training. This strategy prevents all node rep-

resentations converging to the same value as the GCNs go deeper,

which improves the generalization ability in the testing phase.

Our findings are consistent with the recent work DropEdge [35].

In fact, if we set 𝛽 = 𝛾 = 0 and allow the stochastic masks to

randomly drop certain rate of edges (e.g., simply detach the masks

from the computational graph), our SGCNs can be then degraded

to DropEdge. In our experiments, we find that non-zero settings of

𝛽 and 𝛾 in SGCNs generally outperform DropEdge. We argue that

DropEdge, a random dropping method, cannot discern between

true or noisy edges, while SGCNs can precisely remove the noisy

edges with the parameterized masks.

4.4.2 Regularizers. There are two major regularization parame-

ters 𝛽 and 𝛾 for sparsity R𝑠 and low-rank constraints R𝑙 . Fig. 7(a)
and 7(b) show the performance by changing one parameter while

fixing the other as 0.01. As can be seen, the non-zero choices of 𝛽

and 𝛾 demonstrate the importance of the regularization terms in

our models. Even in the worst settings of 𝛽 = 0 or 𝛾 = 0, SGCNs

are still better than the baselines. In the extreme case, i.e., setting

𝛽 = 𝛾 = 0 and turning on all masks to be all-ones matrices, our

SGCNs exactly become GCNs.

Figure 7(c) also shows the effect of the number of top-𝑛 singular

values to approximate the nuclear norm. We observe that the per-

formance increases with a larger 𝑛. Nevertheless, larger 𝑛 leads to

more running time. It is reasonable to set 𝑛 within [27, 28] in our

experiments.

5 CONCLUSION AND FUTUREWORK
In this paper, we propose StructuredGraphConvolutional Networks

to reduce the negative effects of noise in user-item bipartite graphs.

In particular, we enforce sparsity and low-rank structure of the

input graph while simultaneously training the parameters of GCNs.

Our proposed SGCNs are compatible with various GCNs, such as

NGCF and LightGCN, which can improve their robustness and

generalization. The extensive experiments with real-world datasets

show that SGCNs outperform the existing baselines.

For future work, we plan to improve our SGCNs by incorporating

semantic information of graphs, such as users’ social information or

items’ knowledge graph. Moreover, we are interested in applying

pre-training strategies to enhance the embeddings of users and

items. Lastly, we will also explore the explainability of GCNs, e.g.,

discovering a compact subgraph structure for a target user.
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